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Exercise 4G
3 1
1 y:lxzzd—yzlx2
3 dx 2

Xg d 2
Using s = j 1+(ay) dx gives:

12 1L 2
S=J‘ 1+£—x2]dx
0 2
4 12 1
s:4jﬁduzj 1+—xdx
1 0 4

Let M:1+lx:>d—u:l:>dx:4du
4 dx 4

Whenx=0,u=1

Whenx=12,u=4

Therefore:

e
=4x—|u?
3 1

8

25(8—1)

_s6
3

2 y=1ncosx:>%=—tanx

Xg d 2
Using s = j 1+(ay) dx gives:

1+(—tan x)zdx

Y
Il

vJ1+tan® x dx

Wy Ct—Ww|A sy

:Isecxdx

0
b

= [ln(secx+tan x)]g
=ln(2+\/§)—0
=ln(2+x/§)
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3 y=2cosh (ij = L =sinh (f)
2 dx 2

Xp d 2
Using s = J. 1+(ay) dx gives:

In4 X 2
5= j l+(sinh(—jj dx
0 2
In4 X
= I 1 + sinh? (—)dx
0 2
In4 X
=J. cosh? (—jdx
0 2
In4 X
= Icosh(—jdx
0 2

Let uzijd—u:ljdx=2du
2 dx 2

Whenx=0,u=0

Whenx=In4,u=1In2

Therefore:
In2

S =2I coshudu
0

=2[sinh u]i)nz

_ %(ean _e—lnz)
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4 yzzgxs
7 3 1
y=—x? :>d—y—+)c2
3 dx

Letu:1+x:>d—u=1:>dx=du
dx

Whenx=0,u=1
Whenx=3,u=4
Therefore:

s:j\/;du
1

3 4
:Z{ 2}
3 1

~3(-1)

_14
3
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5 y= %sinh2 2x

Let u=2x:>d—u=2
dx

% =%sinh2 U= b_ sinh u cosh u

du
d_y:duxdy

dx dx du
Therefore:

d_y = 2sinhu coshu
dx

= 2sinh (2x)cosh (2x)
Since sinh 2x = 2sinh x cosh x

%zsinh@x)
Xp dy 2
Using § = 1+| = | dx gives:
o= & ave

1
s:I\/l+sinh2 4x dx

0
1

= Icosh 4xdx

0

= i[sinh 4x]:)

e +1

B 8e*
=6.83 (3 s.f)
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1 dy 1 1
6 y=—(2x"-Inx)=>=L=—|4x——
Y 4( x nx) 4( x j
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%[ln x]

(4—1)+%(ln2—ln1)

2
1

"2

=3+lm2
2 4

=%(6+ln2)
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7 y=2arcosh [gj

v _, 1 1 2

— X —

R U

Xp d 2
Using s = j 1+(ay) dx gives:

Xg o) 2
s:;[ 1+( —x2_4] dx
:f 1+x24—4

w o
;[\/xz -4 &

=%J€2x(x2 —4)% dx

Xp

U (| (e ’

When the curve crosses the x-axis, y = 0, and
0 = 2arcosh (ﬁj
2

=cosh0

= o=

=2

SRRV

O —
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In Example 25:

x=t+l and y=2In¢
t

Therefore:
y y
t=e?=>x=¢? +—

x =2cosh [Zj
2

Therefore:
2~ arcosh| = | = y = 2arcosh z
2 2 2

The same as in question 7.

e2
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d 2
Using s = I 1+[dxj dx and the symmetry of the curve gives:

T o T
j 1+4x* dx

Let x =%sinh6’ :>£ =%cosh¢9

Whenx=0, =0
When x =2, 6 =arsinh(4)

:%(6+1n2)

arsinh(4)

s=2 I \/1+ sinh? Hx%coshgdé’

0
arsmh(4

J. \Jcosh? @ xcosh@d@

arsmh(4)
= [ cosh’0do

0
1 arsinh ( 4)

= [ (cosh20+1)de

0
arsinh(4)

Zl[lsinh26’+9:|
212 .
i [sinh 267" + %m (4+v4+1)-0
= —[2 sinh @ cosh 9]3“'"}1(4) %ln (4 + \/ﬁ)
= [ 25inn am}”“““’ +Lin (44417
0
=%(2x4x/42+ —0)+%ln(4+\/ﬁ)
1
_ 2
=24 +1+51n(4+\/ﬁ)

=2\/ﬁ+%ln(4+\/ﬁ)
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9 x=rcos0:>£=—rsin0
dé
. dy
y=rsinfd = —=rcosf
déo

04 2 2
Using s = I\/(%j +(:—;j dé gives:

0,

2n
5= I\/rz sin? @+ r* cos> 0 d6
0

- T\/rz (sin> @+ cos> 6) dO
0

= ZNF do
2071:

= [rdo
0

=[ro];
=2nr as required
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dx .
10 x=2acos3t:>d—=—6acosztsmt
t

. d .
y:2asm3t:>d—y=6asm2tcost
t

%l e 2 g 2
Using S=I (Ej +(d—);j df gives:

\/(—6a cos’ ¢sin t)2 + (6a sin® tcost)2 dt

“
Il

\/36a2 cos* tsin’ t +364a” sin® tcos® ¢ dt

Il
Ctlm—md Sty O

\/36a2 (cos4 ¢tsin® ¢t +sin* ¢ cos® t) dr

6a \/cosz tsin’ ¢ (cos2 ¢ +sin® t) dr

\Jcos® tsin? ¢ dt

6a

6a| costsintdt

1 .
—sin2¢dt

6a

3a|sin2¢dt

W
S Ol |8 OV [8 OV A O mm— [ d O a
N

Il
|
@]
)
7]
N
~
e
Sw|

= 3?a[(—cos n) - (—cos O)]
=37“[1+1]
=3a as required

The arc AB has length 3a.
There are four of these arcs, therefore the total length is 12a.
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11 x =tanhu jﬁzsechzu
du

d
y=sechu :>—y=—sechutanhu
u

up dx 2 d 2
Using s = j\/(d_u) +(d—zJ du gives:

(sech2 u)2 +(—sechu tanh u)2 du

©
I

=

Jsech® u +sech? u tanh? udu

\/sechz u (sech2 u + tanh? u)du

[72]
Q
o
:‘
o
[oN
N

u

—_

Sl — C . O~ S O O

coshu
1
1
:2.[“ — du
€ +e
1 u
e
=2 du
£62”+1

Let p=¢"=>dp=¢"du
Whenu=0,p=1
Whenu=1,p=¢

s=2 5
D +1

dp

= Z[arctan p]le
=2

(arctan e —arctan1)

=2| arctane — EJ
4
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12 x=a(0+5in0) == = a(1+cos0)
y=a(l—cos¢9):>:—)6/’=asinl9

04 2 2
Using s = I\/(%j +(:—2j dé gives:

0,

[
Il

\/(a (1+cos 19))2 +(asin H)Zdu

a’ (1+cos 49)2 +a’sin* 6d O

2 @0 =

a’ (1 +2cos @+ cos? 49)+ a’sin? 0do

Ja? +2a cos O+ a® cos® 0 +a’ sin 0d6

\/a2 +2a’cos@+a’ (cos2 6 +sin® H)dH

V24 + 242 cos 0dO

Ol Ot=—d Ol O3 O3 O3 O3 oty

24° (1+cos0)do

\/4a2(1+cosﬁjd9
2
cosz(gjde

2

=2a
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13 x=t+sint:>i1£=1+cost
t

y=1—cost:>d—y:sint
dr
t 2 2
¢ | dx dy
Using s = — | +| = | dt gives:
s I (dzj (dzj 8

\/(1+cost)2 +(sint)2dt

©n
Il
—— 8

\/1+2003t+cos2t+sin2tdt

Sl [H Ol [H O |8 O — [ o

V2+2costdt

J2(1+cosz)de

4(1+cost
2

dr
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dx )
14 x=¢ cost:>d—=—e’ sint+e' cost
t

- dy _ '
y=¢€ SInf —> —=¢ COoSf+¢€ sint
dr
t 2 2
¢ | dx dy
Using s = — | +| = dt gives:
& J (dzj (dzj s

\/(—et sinft+e' cost)2 +(e’ cost+e' sint)2 dt

“
Il

St i |8 Ct=—n|d O=—i|a o ~la

(ez’ sin? ¢ —2e* sintcost +e* cos® t) + (62’ cos’ t+2e* sintcost +e* sin’ t) dr

<__

\/262’ sin’ ¢z +2e* cos’ ¢t dt

\/2e2’ (sin2 t+cos’ t) dt

Il
S
Ol A (8 O |y
(@]
N
o
~

é‘

Il [l
S5
1
(@]
NI (D«‘
1
| =
a
(=]
N S

15 a y:ﬁsin:%:ﬁcosx

Xg d 2
Using s = J. 1+(ay) dx gives:

“
Il

1+(«/§cosx)2dx

J1+3cos? xdx

Since there are 3 more regions with this length:

\V1+3cos® xdx as required

Sty O |A

s=4

=R L]
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15b x=cost:>£=—sint
dr

y=2sint:>d—y=2cost
dr

%10 e 2 g 2
Using S=I (Ej +(d_)t}J dt gives:

27
5= '[ \/(—sint)2 +(2 cost)zdt
0

2n
= j\/sin2t+4cosztdt
0

2n
= I\/l—coszt+4cosztdt

0
2n

= J\/1+30032tdt
0

\1+3cos®t dr as required

—4

O 0 [ 3

Challenge
The integrand V¢ —1 is the gradient of f(x) expressed in terms of .
Thus:

dy

\/t3 -1 :>\/x3 -1 =f'(x)=a

Xp d 2
Hence using s = I 1-{3);) dx gives:

Xy

1l 1
JE S G S N S
?\
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